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1	 A camshaft inside an engine is rotating with angular speed 42 rad s–1. When the throttle is opened the 
camshaft speeds up with constant angular acceleration, and 8 seconds after the throttle was opened the 
angular speed is 76 rad s–1.

	 (i)	 Find the angular acceleration of the camshaft.  [2]

	 (ii)	 Find the time taken for the camshaft to turn through 810 radians from the moment that the throttle was 
opened.  [3]

2	 A straight rod AB has length a. The rod has variable density, and at a distance x from A its mass per unit 
	 length is given by k a

x4 -d n, where k is a constant. Find the distance from A of the centre of mass of the 
rod.  [7]

3	 The region R is bounded by the x-axis, the y-axis, the curve y aea
x

=  and the line lnx a 2=  (where a is a 
positive constant). A uniform solid of revolution, of mass M, is formed by rotating R through 2r  radians 
about the x-axis. Find, in terms of M and a, the moment of inertia about the x-axis of this solid of revolution.
 [8]
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	 An unidentified aircraft U is flying horizontally with constant velocity 250 m s–1 in the direction with bearing 
040°. Two spotter planes P and Q are flying horizontally at the same height as U, and at one instant P is 
15 000 m due west of U, and Q is 15 000 m due east of U (see diagram).

	 (i)	 Plane P is flying with constant velocity 210 m s–1 in the direction with bearing 070°.

	 	 (a) Find the magnitude and bearing of the velocity of U relative to P.  [4]

	 	 (b) Find the shortest distance between P and U in the subsequent motion.  [2]

	 (ii)	 Plane Q is flying with constant velocity 160 m s–1 in the direction which brings it as close as possible 
to U.

	 	 (a) Find the bearing of the direction in which Q is flying. [4]

	 	 (b) Find the shortest distance between Q and U in the subsequent motion. [2]
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	 A square frame ABCD consists of four uniform rods AB, BC, CD, DA, rigidly joined at A, B, C, D. Each 
rod has mass 0.6 kg and length 1.5 m. The frame rotates freely in a vertical plane about a fixed horizontal 
axis passing through the mid-point O of AD. At time t seconds the angle between AD and the horizontal, 
measured anticlockwise, is i  radians (see diagram).

	 (i)	 Show that the moment of inertia of the frame about the axis through O is 3.15 kg m2. [4]

	 (ii)	 Show that . sin
t

5 6
d
d
2

2i
i=- . [3]

	 (iii)	 Deduce that the frame can make small oscillations which are approximately simple harmonic, and find 
the period of these oscillations. [3]

	 The frame is at rest with AD horizontal. A couple of constant moment 25 N m about the axis is then applied 
to the frame.

	 (iv)	 Find the angular speed of the frame when it has rotated through 1.2 radians. [4]
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	 A smooth wire forms a circle with centre O and radius a, and is fixed in a vertical plane. The highest point 
on the wire is A. A small ring R of mass m moves along the wire. A light elastic string, with natural length 

a2
1  and modulus of elasticity 2 mg, has one end attached to A and the other end attached to R. The string AR 
makes an angle i  (measured anticlockwise) with the downward vertical (see diagram), and you may assume 
that the string does not become slack.

	 (i)	 Taking A as the reference level for gravitational potential energy, show that the total potential energy of 
the system is (6 4 )cos cosmga 2

2
1i i- + . [4]

	 (ii)	 Show that there are two positions of equilibrium for which 0 2
11G i r . [4]

	 (iii)	 For each of these positions of equilibrium, determine whether it is stable or unstable. [4]
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	 ABCD is a uniform rectangular lamina with mass m and sides AB = 6a and AD = 8a. The lamina rotates 
freely in a vertical plane about a fixed horizontal axis passing through A, and it is released from rest in the 
position with D vertically above A. When the diagonal AC makes an angle i  below the horizontal, the force 
acting on the lamina at A has components R parallel to CA and S perpendicular to CA (see diagram).

	 (i)	 Find the moment of inertia of the lamina about the axis through A, in terms of m and a.  [3]

	 (ii)	 Show that the angular speed of the lamina is 
sin
a

g
50

3 4 5 i+_ i
.  [3]

	 (iii)	 Find the angular acceleration of the lamina, in terms of a, g and i .  [2]

	 (iv)	 Find R and S, in terms of m, g and i .  [6]



4731 Mark Scheme June 2013 

5 

Question Answer Marks Guidance 
1 (i)  76 42 8D � u  M1 Using 1 0 tZ Z D �   
   Angular acceleration is 24.25 rads�  A1   
    [2]   
1 (ii)   M1 Using 21

0 2t tT Z D �   
   2810 42 2.125t t �  A1 FT  Quadratic equation for t  
   242 42 4 2.125 810

2 2.125
t � r � u u
 

u
    

  OR 2 2
1 42 2 4.25 810Z  � u u     

   1 93Z    M1   2 2
1 0 2Z Z DT �  and 1 0 tZ Z D �  Or equivalent 

   93 42 4.25t �   A1 FT  Equation for t  
   Time is  12 s A1   
    [3]   
2   

0

4 d
a

xM k x
a

´
µµ
¶

§ ·
 �¨ ¸¨ ¸

© ¹
 M1 For 4 dx x

a
´
µµ
¶

§ ·
�¨ ¸¨ ¸

© ¹
  

   
               

31
2 2

0

2 104 ( )
3 3

a

k x a x ka
�ª º �  « »¬ ¼

 A1 For 
31

2 224
3

x a x
�

�   

   

0

4 d
a

xMx k x x
a

´
µµ
¶

§ ·
 �¨ ¸¨ ¸

© ¹
 M1 For 4 dx x x

a
´
µµ
¶

§ ·
�¨ ¸¨ ¸

© ¹
  

   
              

51
2 22 2

0

2 82 ( )
5 5

a

k x a x ka
�ª º �  « »¬ ¼

 A2 For 
51

2 22 22
5

x a x
�

�  Give A1 for one correct term 

   28
5
10
3

ka
x

ka
  M1 Dependent on previous M1M1  

   
   12 0.48

25
a a   A1   

    [7]   
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3   2ln 2

2 2

0
d e d

x
a

a

M y x a xU S US´
µ
¶

  ³  M1 For 
2

e d
x
a x

´
µ
¶

§ ·
¨ ¸
© ¹

  

   
     

2
ln 23

3

0

3e
2 2

x
a

a
a aUS US

ª º
  « »
« »¬ ¼

 A1 For equation 33
2M aUS   oe  

   2 2 41 1
2 2( ) dI y x y y xUS G US  ¦ ³  M1 For 4dy x³   

   
   

ln 2 4
1
2

0

e d
x
a

a

a xUS
´
µ
¶

§ · ¨ ¸
© ¹

 A1 Correct integral expression for I  

   
   

4
ln 25

0

1 e
2 4

x
a

a
aUS

ª º
 « »
« »¬ ¼

 M1 Integral is a multiple of 
4

e
x

a   

   
   515

8
aUS  A1   

   
   5

3
15 2
8 3

M a
a

S
S

§ · ¨ ¸
© ¹

 M1 Obtaining I in terms of M and a Dependent on first two M1M1 

   
   25

4
Ma  A1 A0 for 

4ln 2
2

2 ln 2
e 1

4(e 1)
Ma�

�
  etc Accept 215

12
Ma  etc 

    [8]   
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4 (i) (a)  

   

   2 2 2250 210 2 250 210cos30v  � � u u q  M1 Equation for v 
Must be essentially correct 
M0 for cos150 , cos 40q q  etc 

   Magnitude is 1125 ms�    (3 sf) A1   
   sin sin30

210 125.2
T q
  M1 Equation for a relevant angle Use of sine rule and calculated side 

(less strict than previous M1) 
         57.0T  q     
   Bearing is 343q     (3 sf) A1   
    [4]   
  OR 250sin 40 210sin 70

250cos40 210cos70U P
q q§ · § ·

 �¨ ¸ ¨ ¸q q© ¹ © ¹
v   M1  Subtracting components  

   
         

36.64
119.7
�§ ·

 ¨ ¸
© ¹

  A1  

   Magnitude is 1125 ms�  
Bearing is 343q  

 M1  Finding magnitude or bearing 
A1  Both correct  
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4 (i) (b) As viewed from P 

   

   Shortest distance is 15000sin 73q  M1 Or other complete method for distance M0 for 15000cos73q  
                           14300 m    (3 sf) A1   
    [2]   
4 (ii) (a)  

B1 Relative velocity perpendicular to Qv   

   160cos
250

I   M1   

   50.2I  q  A1 Or 39.8\  q   
   Bearing is 350q  A1   
    [4]   



4731 Mark Scheme June 2013 

9 

Question Answer Marks Guidance 
4 (ii) (b) As viewed from Q 

   

   Shortest distance is 15000sin10.2q  M1 Or other complete method for distance  
                           2660 m    (3 sf) A1   
    [2]   
5 (i)  21

3 (0.6)(0.75) ( 0.1125 )ADI    B1   
   2 20.1125 0.6(0.75 0.75 ) ( 0.7875 )AB CDI I  � �  M1  M0 for 2 24

3 (0.6)(0.75) (0.6)(0.75)�  
   20.1125 (0.6)(1.5) ( 1.4625 )BCI  �   M1   
   0.1125 2 0.7875 1.4625 3.15I  � u �   A1 AG  
  OR 2 24(0.1125 0.6 0.75 ) (2.4)(0.75)I  � u �   M1  for 20.1125 (0.6)(0.75)�   
      21.8 (2.4)(0.75) �   M1  for 2(2.4)(0.75)GI �   
      3.15   A1  AG  
    [4]   
5 (ii)   B1 For 2.4 9.8 0.75sinTu u   

   2

2
d2.4 9.8 0.75sin 3.15
dt
TT� u u   M1 Equation of rotational motion  

  OR                 21
2 cosI mgh KZ T�      

     M1  Differentiating energy equation  
   2.4 9.8 0.75sin 0IZZ TT� u u  ��   A1  
   

                          
2

2
d 5.6sin
dt
T T �  A1 AG  

    [3]   
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5 (iii)  When θ is small, sinT T|  B1   
   2

2
d 5.6
dt
T T| � , which is (approx.) SHM B1   

   
Period ( 2

5.6
S ) is  2.66 s   (3 sf) B1 Accept 5

7
S  etc Or 3.152 2

2.4 9.8 0.75
I

mgh
S S 

u u
 

    [3]   
5 (iv)  WD by couple is 25 1.2 ( 30 )u   B1   
   Change in PE is 

2.4 9.8(0.75 0.75cos1.2) ( 11.25 )u �   B1   

   21
2 (3.15) 30 11.25Z  �  M1 Equation involving KE, WD and PE  

   Angular speed is 13.45 rads�    (3 sf) A1   
    [4]   
6 (i)  GPE is ( ) (2 cos )cosmg a T T�  B1 or ( cos2 )mg a a T�   
   

 M1 Using 
2

2
x
l

O   (allow one error)  

   
EPE is 21

21
2

2 (2 cos )
2( )

mg a a
a

T �  A1   

   2 21
42 (4cos 2cos ) 2 cosV mga mgaT T T � � �     

      2 1
2(6cos 4cos )mga T T � �  A1 AG  

    [4]   
6 (ii)  d ( 12cos sin 4sin )

d
V mga T T T
T
 � �  B1 or ( 6sin 2 4sin )mga T T� �  Condone  mga  omitted, but penalise 

wrong sign 
   

Positions of equilibrium occur when d 0
d
V
T
  M1   

   1 1
30 and cos ( 1.23 or 70.5 )T T �   q  

(Hence two positions) 
A1A1 Can be awarded when B1 has not been 

given  

    [4]   
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6 (iii)  2

2 2
2

d ( 12cos 12sin 4cos )
d

V mga T T T
T

 � � �  B1 FT if comparable or ( 12cos 2 4cos )mga T T� �  

   
 M1 Considering the sign of 

2

2
d
d

V
T

 Or M2 (replacing B1M1) for another 
method to determine stability 

   
When 

2

2
d0, 8 0
d

V mgaT
T

  � �     

                      so this position is unstable A1 CWO www give BOD, but M1 (or M2) 
must be explicitly earned 

   When 1 1
3cosT � ,    

   
� �

2
81 1

9 9 32
d 3212 12 4 0

3d
V mga mga
T

 � u � u � u  !     

                      so this position is stable A1 CWO As above 
    [4]   
7 (i)   B1 For 2 21

3 (3 ) (4 )GI m a aª º �¬ ¼   

   2 2 21
3 (3 ) (4 ) (5 )I m a a m aª º � �¬ ¼  M1 For 2( )GI m AG�   

  OR   B1  For 2 24 4
3 3(3 ) , (4 )AD ABI m a I m a    

   2 24 4
3 3(3 ) (4 )I m a m a �   M1  For AD ABI I�   

   2100
3

I ma  A1   

    [3]   
7 (ii)  21

2 (4 5 sin )I mg a aZ T �  M1 Equation involving KE and PE  
   2 250 (4 5sin )

3
ma mgaZ T �  A1 FT  

   
Angular speed 3 (4 5sin )

50
g

a
TZ �

  A1 AG  

    [3]   
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7 (iii)  

(5 cos )mg a IT D  M1 Equation of rotational motion 
Or differentiating energy equation 

Or writing d
d
ZZ
T

 in terms of θ 

   
Angular acceleration is 3 cos

20
g

a
T  A1 Accept 15 cos

100
g

a
T  etc  

    [2]   
7 (iv)   M1 For radial acceleration 2rZ   
   2sin (5 )R mg m aT Z�   A1   
   3sin (4 5sin )

10
R mg mgT T�  �     

   1 (12 25sin )
10

R mg T �  A1   

    M1 For transverse acceleration rD  Or use of GI D  
   cos (5 )mg S m aT D�   A1  Or 225

3(5 ) ( )S a ma D  
   3cos cos

4
mg S mgT T�      

   1 cos
4

S mg T  A1   

    [6]   
 
 
 


